This law is only a particular case of the more general law enunciated by BOVERI, namely, that the process of cell-division is determined by the ratio of the mass of chromatin material to that of the protoplasm of the cell and that the process of cell-division comes to a standstill when the ratio of the mass of chromosomes to that of the cells in a tissue or in an organ reaches a certain definite limit'). Moreover, the final size of the cells after the cell-divisions have come to a standstill is always in definite proportion to the original mass of chromatin contained in the fertilised egg. Thus the mesenchyme cells of the sea-urchin embryo which is produced by artificial parthenogenesis are only half the size of those of the sea-urchin which has been produced through the agency of normal fertilisation, for although the fertilised and the parthenogenetic eggs are equal in size at the beginning of cell-division, yet the former initially contains twice the mass of nuclear material that the latter contains~).
It has been suggested by LOEB 3) that the processes of celldivision and growth are simply expressions of a more or less rapid return to the chemical equilibrium between nuclear and cytoplasmic material which has been temporarily shifted or disestablished through the process of fertilisation. The most striking chemical event immediately succeeding" fertilisatiou is an enormous synthesis of nuclear material4). BOVnRI has pointed out that in cell-division after fertilisation each new nucleus has the same size as the parent nucleus~). From this fact it can be proved that the nucleus itself, or one of its constituents, acts as a catalysor in the synthesis of nuclcin in the fertilised egg '(~) . If the mass of the orig'inal ferlilisatiou-nucleus be ~, the mass of nuclear material increases during the first segmentation-period to 2 m, during tile next to 4 m and so on in geometrical progression. The duration of the various periods of segmentation~ however~ differs very little. Hence, in the first unit of time after the beginning of cell-division a mass m of nuclear material is formed, in the second a mass 2 m, in the third a mass 4 m and so on; thus the velocity of the synthesis increases with lapse of time and with the mass of nuclear material already formed. This is a characteristic of that class of reactions known as autocatalytic, in which one of the products of the reaction, or, in this case, one of the constituents of the nucleus, accelerates the reaction.
Durin$ the process outlined above an emphatic disproportion between nuclear and protoplasmic material has been established. As the nuclear synthesis becomes slower, however, this disproportion tends to adjust itself until~ finally, the growth of the organism consists almost entirely in tile g'rowth of protoplasmic material1) and in the final reestablishment of the equilibrium between cytoplasm and nuclear material.
It is possible, although not a priori certain, that the-adjustment of the equilibrium between cytoplasm and nucleus which is brought about through the formation of fresh cytoplasm during the growth of the organism is also an autocatalytic reaction~ just as the nuclear synthesis in the cell-division which preceeds, and to some extent accompanies growth. The increase in weight or volume of an organism may not improbably be regarded as equivalent to an increase of cytoplasm, and if both of the processes concerned in growth, namely nuclear and cytoplasmic synthesis, are autoeatalytic in character the increase in weight or volume of an individual with increase of time should display the quantitative relations which are characteristic of an autocatalytic chemical reaction. In the first place the temperature-coefficient of growth should be that of a chemical reaction; in the second place the relation between body-weight or bodyvolume and the time which has elapsed since measureable growth began should be the same relation as that which subsists between the mass of material which has undergone chemical change and the time in an autoeatalytic reaction.
That the temperature-coefficient of cell-division and of growth is that of a chemical reaction bas been shown by KARL PETER2); We shall confine our attention to the quantitative relations subsisting between the time of growth and the amount of growth and between the relative degrees of growth of different parts of an organism.
II. The Quantitative Relations between the Amount of Growth and the Time of Growth.
The differential equation which is characteristic of the initial stages of an autocatalytie monomoieeular reaction is as follows:
which expresses in mathematical symbols the fact that the velocity of the transformation is, at any instant, proportional to the amount of material which is undergoing change and to the amount of material which has already been transformed. If~ however, the reaction has proceeded so far that the depressant effect of the products of the reaction upon its velocity is measureable equation (1) becomes:
This equation can, however, be reduced to the same form as (1) only the constants have a somewhat different meaning, for equation (2) is obviously the same as the following equation:
which is of the same form as equation (1) Equation (3) may therefore be written: l) Assuming that the transformation is monomolecular in both directions. This is, of course, the simplest conception of the process which we can form, and since, as we shall see, it leads to equations which are quantitatively correct there is no necessity to call to our aid more elaborate conceptions of the process in explanation of the facts. The products of the reaction, whose mass is represented by x in the above equation, must, of course, as in every case of true catalysis, accelerate the reaction in both directions; otherwise the equilibrium would be shifted by the catalyst and, since the catalyst is not consumed during the progress of the reaction, work would be gained without a corresponding expenditure of energy (cf. 0STWALD, Lehrbuch der allgemeinen Chemie. dt ~ kx(A--x) (4) where k and A are constants.
Integrating equation (4) we obtain:
where C is the constant of integration. Now it is evident that when x ~ 1/2 A~ that is~ when the reaction x 0. Choosing C, has proceeded half way to equilibrium, log A --x--therefore, so as to make the right-hand side of equation (5) vanish at the same time as the left-hand side we have:
where tl is the time at which the reaction is half completed. This cquation may obviously be written;
If increase in weight or in volume of an organism with time can be regarded as expressing, primarily, the progress of an autocatalytic reaction equation (7) should hold good; where x represents the body-weight at the time t, A represents the maximum or final body-weight which the organism reaches, tl is the time at which half this maximum body, weight has been attained, and /( is a constant which must be determined from a known value of x at a given time t. dx On differentiating equation (4) with respect to x, calling ~-v we obtain:
Differentiating again we obtain: d2v
The right-hand side of equation (8) 
vanishes and ~ is negative
A dx A when x ~ ~, hence /t7 is at a maximum when x ~---~. In other ~) It is indifferent to what base the logarithms are calculated as the effect of using logarithms other than the natural logarithms is simply to multiply the constants in the equation by the constant modulus~ we shall use logarithms to base 10 throughout. words the rate of increase in weight or volume of an organism during a given period of growth should be at a maximum when the growth of that period is half completed. Assigning arbitrary values to the constants A, K and tl in equation (7) and then calculating x for various values of t we can construct a curve showing the progress of an autocatalytie reaction with time. On comparing this curve (figs. 1 and 2) with the curves representing the progress of an ordinary monomolecular or bimolecular reaction, on the one hand, and with the curve showing the increase in bodyweight of the white rat with time, on the other, the resemblence between the curve of growth and that of an autocatalyscd reaction is at once obvious. But on comparing the curve representing the progress of an autocatalyscd monomolecular reaction with that representing the increase in body-weight of man with time (figs. 1 and 3) it is evident that the latter consists of two or more such curves superimposed upon one another. In other words there are two or more autocatalytie processes which go to make up the total growth of an individual. In fact there are three maxima of rate of growth in the curve of growth for man, representing three phases or growth-cycles. As DONALDSON 1) has pointed out, in the rat two of these cycles are intra-utcrine instead of, as in the human being, only one. Hence in the rat the extra-uterine growth represents only one well-defined growth-cycle while in man it represents two. in a more physiologically adult condition than the human being and puberty occurs relatively Bo@-~,gz~ earlier:). As DONALDSON has pointed out, growth in the first phase consists primarily in cellmultiplication, in the later phases it consists primarily in cell-enlargement. It is not improbable that the first growthcycle in mammals represents the course of the autocatalytic synthesis of nuclear material, that the third growth-cycle represents the course of the autocatalytic synthesis of cytoplasmic material and that the second or intermediate growth-cycle either represents a combination of the two or the course of the autoeatalytie synthesis of cytoplasmic material in cells which Hence the rat is born arc bioehemically dissimilar to those the growth of the cytoplasm of which constitutes the third growth-cycle.
a. Application to the Growth of the White Rat.
DONAbDSONa), working in collaboration with DUNN and WATSON, has carried out an extensive series of observations upon the increase in weight of the white rat with advancing age. On examining in DONALDSON'S paper, giving the body-weight in grammes of male, unmated white rats day by day from birth, choosing the points with which to determine the constants of the curve sufficiently far apart and in such a manner that each pair of points on the curve is separated by an interval of 10 days, we find that:
At birth, when time ~ 0 days, body-weight ~ 5.4 grammes,
Applying equation (7) to these observations we find:
168.8 log A --168.8 --K(102 --tl)
From ( 
while from (12) and (13) we obtain:
183.8 (A--168.8) log 168.8 iA--183.8) : 10 k 1
Hence, from (14) and (15) A convenient check upon the above calculation is afforded by the fact expressed in equations (8) and (9), namely that the rate of increase in x, that is, the daily increase in weight, should be at a maximum when x (~ body-weight) ~ 1' 2 A, in this case 98 grammes.
Examining DONALDSON'S table we find that:
~) The value A-0, of course, also satisfies the formal relations expressed by equation (16) see that when the body:weight is between 89.1 and 99.3 grammes the rate of increase in body-weight is at a maximum. In fact 3.4 grammes is the largest daily increase in weight reported in the investigations, extending over a period of 730 days. Hence we may conclude that the value of A deduced from equation (16) is the correct one.
Assuming that the rate of increase between the 64th and 67th days is approximately constant we find that the body-weight is 98 grammes at 66.6 days, hence equation (7) becomes, for this particular case:
lqow, when t ~---0 we have:
5.4 log ~ ~ --66.6 K whence K ~---.0232, similarly from the observations at t ~ 10, 40 and 70 we find, respectively, K ~ .0208, .0211 and .0225. The average value of K from these observations is .022, hence equation (17) becomes:
by giving t the successive values 0, 1, 2, 3 etc. we can compute the corresponding theoretical values of x, that is, of the body-weight. In the following table the theoretical and experimental results arc compared: Table I1 ). It will be seen that in nearly every case the difference between the theoretical and experimental results is less than the possible error of the observation, in most cases considerably less. The agreement between t ~ 0 and t ~-140 is excellent. The body-weight in the latter part of the curve (t ~-140 to t ~ 730), however, is considerably greater than could be accounted for by experimental error. It is possible that this portion of the curve of growth represents an additional growth-cycle, or, not improbably, since the daily increments are somewhat irregular and the maximum increment occurs relatively early, it simply represents a deposition of fat; a process which is not contemplated in the derivation of the equation and which, in white rats arrived at maturity and kept in confinement, might not improbably occur.
Applying the same method to the observations of DONALDSO.N' S upon the increase of weight with age of unmated female white rats and using the same points Ct ~ 0, 10, 102 and 112) on the curve to determine A, we find: Hence the agreement between the theoretical and actual curves of growth is not quite so good in this case, for when x -----1//2 A ~ 83 the daily increment in weight has not yet reached its maximum. This might lead us to suspect that owing to errors in the observations used for calculating A the calculated value of A is too small and that its true value is about 192; on the other hand it is possible that the observation t ~ 67, body-weight ~ 96, is erroneous and that the true time of maximum daily increase lies between the 61st and 64th days. Since a comparatively small error in the determination of the time of maximum daily increment would make a great difference in tt~e calculated value of A it is preferable to adopt the value 166 calculated as in the previous case. In any case it should be remarked that the difference between the theoretical (deduced fl'om A = 166) and the actual time of maximum daily increase is very small, amounting only to four days, or 6.67 O/o of the age of the rat at that time; so that the agreement between the actual and the theoretical curves, in so far as the time of maximum daily increment is concerned, is as good as can be expected in observations of this kind.
Assuming that the rate of increase in weight between the 61st and 64th days is approximately constant, we find that the body-weight is 83 grammes at 63 days, hence equation (7) becomes, for this particular case :
:Now when t = 0 we have: It will be seen that the agreement is not quite so perfect as ill the ease of the males but that nevertheless the difference between the theoretical and experimental results is less than the possible error of the observation in almost every case, in most eases considerably less. As in the ease of the males and probably for the same reason the body-weight in the latter part of the eurve of growth (not included in the above table) is considerably greater-than the theoretical.
b. Application to the Growth of Man.
In man, as we have seen, there are at least two extra-uterine growth-cycles and a third intra-uterine growth-cycle, which, however, is probably not quite completed at birth.
The second growth-cycle, that is, the first extra-uterine growth- 
QUETELET'S observations upon Belgian Males and Females in each
case the increments in the fifth and sixth years are equal and exceed the yearly increments in the years immediately following and preceeding them. The time of maximum yearly increment during this growth-cycle may therefore be set down at 5.5 years (from birth).
A second maximum in yearly increments occurs in males at about the 16th year, that is, in the neighborhood of puberty. Thus, is the results of the British Anthropometric Committee we have:
At age 2) _--= 14.5 )-cars, body-weight----41.7 K., yearly increment ~ 3.8 K., 15. We may therefore set down the age of maximum yearly increment in the third (second extra-uterine) growth-cycle of males at about 16.5 years (from birth), h~eglecting the intra-uterine growthcycle as being negligable in extent a), and applying equation (7) to the growth of man, if x is the body-weight at age t (from birth) we have:
(21) where:
and:
X r log A2 --x" = K2 (t --16.5)
When growth is practically complete each growth-cycle will be complete and the body-weight will then be equal to A1 q-A.,. In the case of average English males this is about 68 Kilos. Since x" does i) When the age last birthday is 14 we assume that the average age at which the measurements were made was 14.5. and similarly for all the other observations. 2: QUETELET, ,Anthropometrie.r p. 346, quoted after Ileport of the British Association Anthropometric Committee, 1. c. a) Which, however, is not quite true, inasmuch as it attains its maximum rate of increase at or near birth. not attain its maximum annual increment until t = 16.5 we may assume that or near at birth its value is negligable. At 22.5 years, on the other hand, we may assume that the first growth-cycle is practically complete, so that at this age we have:
Lot x~0.s + x~'0.5 be the body-weight at the age 10.5 years, etc. Then, from the British Association Anthropometric Committee's results for average English males, we have:
z." Hence, for the average body-weight (~ x) of English males at time t.from birth we have:
x ~ x' + x"
X r log 33~ X ~-~ .188 (t--5 5)
,t ,7' log 35 --x" --.272 (t --16 5/
By giving t the values 0, 1, 2, 3 etc. in succession we can compute the corresponding values of x' and of x" and, consequently, of x. In table III the theoretical body-weight, computed in this way, is compared with the actual body-weight of average English males at various ages as determined by the British Association Anthropometric Committee 2). The value AI----68 also satisfies the formal relations expressed in equations (34) and (35) but is obviously inadmissable.
2) 1. c. Save in the earlier years (4.5 to 7.5) the agreement is almost perfect.
Applying the same method to QUETELET'S observations on Belgian males1) we obtain: 
whence, using the same methods as before, we find: AI = 24.9, K1 = .169, As = 41.4, K2 = .175.
Hence, for Belgian males, we have: 
The theoretical body-weights at various ages, computed from the above formulae, are compared with the actual body-weights as given by QL'E~rEL~'r in the accompanying table. 1~ The number of observations is not given. Instead of using the average as a measure of the probable true weight QUETELET used the mathematically more accurate mean. The mean weight is that which, in a large nua)ber of observations, occurs most frequently at the given age. QUE'rELET, however, only made a few observations at each age upon typical individuals, that is, upon the mean type. 39* It. will be seen that as in the previous case the agreement is excellent save in the earlier years (1.5 to 7.5).
In human females puberty occurs somewhat earlier than in males.
Hence, as might be expected, the period of maximum increment in body-weight in the second extra-uterine cycle of growth occurs earlier than in males. From QUETELET'S results for Belgian femalesl) we have:
At age = 12.5 years, body-weight = 29.0 K., annual increment = 3.5 K., (56) whence, using the same methods as before, we find: A1 = 19.9, K1 = .150, A2 ~ 36.1, K~ ~ .171.
Hence, for Belgian females, we have: 
The theoretical and actual values of x are compared in the accompanying table: as in the other cases the ~greement is very good save in the earlier years (1.5 to 7.5).
Summarising the theoretical and experimental data with which we have dealt in regard to man we see that in every case there are two distinct extra-uterine cycles of growth, of which the second is larger than the first and also passes more rapidly through its phases.
The first cycle appears to occur in both sexes and in different races at the same time, that is, the age at which it is half completed is about 5.5 years for both sexes and for Belgians as well as for English. The second extra-uterine growth-cycle (third growth-cycle in the life of the individual) is half completed at puberty in both sexes; this growth-cycle is that which gives rise to the greater part of the extra-uterine growth of the white rat and in that case, also, the growth is half completed at puberty. It appears not improbable that it is generally true for mammalia that there are three distinct intraand extra-uterine growth-cycles in the life of the individual and that the third growth-cycle is half completed at puberty. The time at whieh the second extra-uterine growth-cycle is half completed is the same for Belgian males as for English males but differs in the two sexes, being earlier in the female. This latter is also true, as we have seen, for the white rat, although the difference in this respect between males and females is not relatively so great as in man. The times at which the various growth-cycles are half completed in one sex are, not improbably, characteristic tbr a given species.
Different races and sexes differ in the magnitude of their growthcycles and in the rapidity with which their growth-cycles pass through their various phases, the first extra-uterine growth-cycle, however, varies more markedly in magnitude than the second. This variability may, however, be only apparent, since, as we have seen, the agreement between theory and observation is not very good during the first half of the first extra-uterine growth-cycle. This discordance between theory and observation may be due to the fact that we have neglected, in deriving our constants, to take into consideration the intra-uterine growth-cycle which is not yet quite completed at birth. To take it into consideration in the derivation of the constants, however, would lead to very complicated calculations and, so far as I can see at present, would render our equations, for the first part of the curve at all events, very much of the nature of interpolationequations. It is also possible that the discordance between theory and observation in the earlier years of human growth may be due to the deposition of fat which is so general a phenomenon in infancy under civilised conditions. c. Application to the (~rowth of Frogs.
DAVENPORT 2) has made numerous observations upon the growth of frog embryos. On examining his results we find that they are mostly concerned with the first second growth-cycles and that they are made at intervals too infrequent to enable us to determine with accuracy the time at which the growth due to any particular growth-cycle is half completed. We can, however, apply equation (7) in the following manner.
From DAVENPORT'S table we find that: At the age of 2 days, body-weight = 2.0 milligrammes -7 --5.05 --9 --10.4 --14 --23.52 -l lence, applying equation (7) we have:
10.4 lOgA_10.4 --K(9--tt)
5.05 log A --5.05 = K(7 --tj)
23.52 log A ~ 23.52 --K (14 --ti)
From (61) and (62), by subtraction, we have:
10.4 (A-2) _ 7 K (65) log 2 (A 10.4) --while from (63) and (64) Inserting the values of t and of x given in DAVENPORT'S tables we obtain :
Omitting the remaining observations on account of the possible interference of a second growth-cycle and applying the nlethod of least squares to the above we obtain the normal equations:
whence K= .0962 and b ~ 1.9279; but b = Ktl, hence /1 ---= 20. Equation (7) now becomes:
x --.0962 (t-20) (70) log 112 --x Giving to t the values 1, 2, 5, 7 etc. we can calculate the corresponding theoretical values of x. In the followin~ table the theoretical and observed body-weights are compared: ~) The age is given ia days after hatching. The embryos were weighed after the removal of superficial water and the weights given are the average weights. The number of embryos weig'hed is not given. It will be seen that save in the last observation the agreement is good. The discrepancy in the last observation is evidently due to another growth-cycle supervening'.
d. Application to the Growth of C~tcurbita pepo.
ANDERSON 1) has published a series of observ-~tions upon the growth in weight of the fruit of C~wurbita pepo. The vine was grown in the open air and its terminal portion was trained into the laboratory, which was ventilated in such a manner that the conditions of moisture and humidity were practically the same as those of the outside air. The fruit rested upon cotton wool in the scale-pan of a special registering balance previously described by the author2). The date of pollination is given and the daily increase for a period of 47 days. The fruit was completely ripened in 30 days but still continued to show fluctuations in weight. The temperature varied, but usually fluctuated between 14 ~ and 22 ~ . Once or twice, however, it rose as high as 30 ~ and fell as low as 6 ~ . Sunshine etc. were subject to the inconstancy of the weather. Since, in addition, the experiments were carried out only on a single individual it is evident that the conditions are not favourable for a comparison between theory and experiment.
Nevertheless, the curve of growth, constructed from ANDERSON'S figures resembles in a general way that of an autocatalysed chemicM reaction.
The daily increments were as follow:
Weight at the end of the 4th day 138 grammes. Increment during the 5th day ~---129 gin., weight at the end of the 5th day = 267 gin., -6th The age at which the maximum daily increment occurred was therefore between ten and eleven days.
After 25 days the fi'nit had attained the maximum weight of 5366 grammes, the weight then g'r:~dually sank to 5216 grammes ,'~t the end of 47 days. This loss in weight was, however, very irrcguh~r, a marked increase and corresponding" decrease in weight not infrequently taking place during one day so that the net result was a very trifling alteration in weight.
Taking, therefore, the true maximum weight as 5400 grammes we set that half this weight was attained between the 10th and 11th days, in fact in 10.7 dqys; thus coinciding with the time of maximum daily increment. Equation '7'~ k / J therefore, becomes for this cast: 
Inserting in equation (71) the values of t and of x given in A:','m;~so:~'s tables for the 5th to the 25th days inclusive and determining If therefrom we find that the average value of K for all these observations was .161. Inserting this value of K in equation (71) we have :
:c -= .161 (t--10.7) (72; log 5400-x
Inserting the values 5, 6, 7 etc. for t in this equation we can compute the corresponding values of x. These theoretical values of.~" are compared with the actual values in the accompanying" table. The agreement is as good as could be expected between theory and the results of observatious such as these, made as they were upon a single individual and under fluctuating and uncontrolled conditions.
e. Correlation between tile Growth of Various Parts of tile Body.
Suppose the growth in weight or volume of an organ of tissue can be represented by an equation of the type (7) and that the growth of the whole body or of another organ or tissue can be represented by e~ similar equation in which, however, the constants A, K and t~ are not necessarily the same.
Then for the growth of tile organ we have:
X r log A;-:--~' = ZC~ (t--t,)
while for the growth of the whole body we have:
x' = K~ (t-h) (74) log A: --x" /(~ and subtraetino' fi'om multiplying both sides of equation (74) where a /t) and b = ~ (t2 --tl).
Equation (76) If b = 0, that is, if t2 = tl and the growth-cycles of the two organs pass through their phases with equal velocity then a = 1 and (77) becomes:
x' A1 (78)
x" --
12
this is obviously the relation which very nearly subsists between the growth of various parts of the body and that of the whole body in mant). In the ease of the brain, however, the growth-cycle is half completed long before puberty. Equation (76) X' X" log 1.5 ---.r' : a log 66.3---.x" + b
where :r~'= brain-weight and x"= body-weight. Excluding the later observations in which the brain-weight diminishes with age, a phenomenon not contemplated in the deriw~tion of equations (7) I have also rejected those measurements of body-weight which were made upon ,,dry, frog's (fi'ogs which had been exposed to air in a dry jar for 24 hours previous to examination) since DONALDSON has observed that in these the brain-weight is always relatively greater than in the others, owing to the loss in body-weight due to evaporation of water from the skin. The weight of the stomach contents was always subtracted fi'om the body-weight and the weight of the brain was determined by weighing the brain extending from the fi'ontal end of the olfactory lobes to the caudal end of the calamus, the cranial nerves being cut at their junction with the brain and the pia being, for the most part, left adherent. The choroid covering, the fossa rhomboidalis and the hypophysis cerebri were removed, however, before weighing. it is evident that the agreement between theory and observation is excellent, such divergences as exist being evidently irregular and accidental in their nature.
Comparing' the correlation between brain-growth and bodygrowth in man with that between the same variables in the frog we see that in both cases tile brain reaches its maximum rate of development long before the rest of the body, but that while in man the brain passes through the various phases of its development more rapidly than the body (K1 greater than I(2) in the frog its rate of development is slower than that of the body (I~ greater than IQ); this fact may possibly be connected with the high degree of speeialisation of the human brain as compared with the fi'og's.
Finally I may remark that in order to carry out with aeeuraey a comparison of this kind between theory and observations made upon very variable material the observations should be very numerous and the mean and not the average of eaeh set of these observations should be used for comparison with the theory. None of the observations above quoted exactly fulfill these requirements.
Porter's observations upon the growth of St. Louis children do fulfill these requirements but they do not include the weight at birth1 
